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COVARIANT FIRST ORDER DIFFERENTIAL CALCULUS ON
QUANTUM PROJECTIVE SPACES
MARTIN WELK
Abstrat. We investigate ovariant rst order dierential aluli on the
quantum omplex projetive spaes CPN−1q whih are quantum homoge-
neous spaes for the quantum group SUq(N). Hereby, one more well-studied
example of ovariant rst order dierential alulus on a quantum homoge-
neous spae is given. Sine the omplex projetive spaes are subalgebras
of the quantum spheres S2N−1q introdued by Vaksman and Soibelman, we
get also an example of the relations between ovariant dierential alulus
on two losely related quantum spaes.
Two approahes are ombined in obtaining ovariant rst order dier-
ential aluli on CPN−1q : 1. restrition of ovariant rst order dierential
aluli from S2N−1q ; 2. lassiation of aluli under appropriate onstraints,
using methods from representation theory.
The main result is that under three reasonable settings of dimension
onstraints, ovariant rst order dierential aluli on CPN−1q exist and are
(for N ≥ 6) uniquely determined. This is a lear dierene as ompared to
the ase of the quantum spheres where several parametrial series of aluli
exist. For two of the onstraint settings, the ovariant rst order aluli on
CPN−1q are also obtained by restrition from aluli on S
2N−1
q as well as
from aluli on the quantum group SUq(N).
1. Introdution
During the last deade, ovariant dierential alulus on quantum groups has
been under intensive investigation. One main reason for this interest is that
quantum groups are important examples of nonommutative geometri spaes,
equipped with a rih additional struture. The desription of dierential alulus
on them is an indispensable prerequisite for any analysis of their geometri
struture.
Fundamental onepts of ovariant dierential alulus on quantum groups
have been introdued in the work of Woronowiz [13℄. Covariant rst order
dierential aluli on quantum groups have been onstruted; biovariant rst
order dierential aluli on the most important quantum groups have been las-
sied [7℄, [8℄. Higher order dierential alulus has been studied [9℄, and basi
onepts of dierential geometry on quantum groups have been established.
Quantum spaes for quantum groups, and in partiular quantum homoge-
neous spaes, are a wider lass of nonommutative geometri spaes whih still
have a rih algebrai struture that an hoped to be helpful in investigating
their geometri properties; they are in many aspets lose to quantum groups.
However, unlike for quantum groups, one is still far from having a omprehen-
sive view on dierential alulus on quantum homogeneous spaes. Only a small
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number of examples have been studied in detailapart from quantum vetor
spaes whih have a omparatively simple struture, we should mention rstly
Podle±' quantum spheres for whih a lassiation of ovariant rst order dif-
ferential aluli was given in [1℄. First order dierential aluli on the quantum
spheres S2N−1q as introdued by Vaksman and Soibelman [10℄ has been las-
sied by the author in a previous paper [11℄, [12℄. The onstrution of these
aluli by restriting ovariant aluli from the quantum group SUq(N) has been
investigated in [6℄.
In this paper, we want to study the quantum projetive spaes CPN−1q whih
are, as S2N−1q , quantum homogeneous spaes for the quantum group SUq(N),
and whih are in lose relation to the quantum spheres. With this investigation,
one further well-understood example of ovariant rst order dierential alulus
on a quantum homogeneous spae is provided; moreover, the lose relationship
between CPN−1q and S
2N−1
q allows to ask how this relationship is reeted in
the dierential alulus. It is hoped that this work will ontribute to a deeper
understanding of ovariant dierential alulus on quantum homogeneous spaes
sine the study of a number of partiular examples with dierent properties
forms the ground on whih more general onstrutions for dierential aluli on
quantum spaes and further theoretial work ould be based.
2. The Quantum Projetive Spaes CPN−1q
To start with, we need to reall some basi denitions on quantum spaes.
Our terminology essentially follows [4℄, [1℄.
Suppose A is a Hopf algebra with omultipliation ∆ and ounit ε. A pair
(X,∆R) onsisting of a unital algebra X and an algebra homomorphism ∆R :
X → X ⊗A is alled a quantum spae for A if (∆R⊗ id)∆R = (id⊗∆)∆R and
(id ⊗ ε)∆R = id. Then, ∆R is alled (right) oation of A on X. A quantum
spae (X,∆R) (or simply, X) for A is a quantum homogeneous spae for A if
there exists an embedding ι : X → A with ∆R = ∆◦ ι, i. e. X an be onsidered
as a sub-algebra of A with the oation being the restrited omultipliation.
For our example, the deformation parameter q will always be a real number,
q 6= 0,±1. Further, N is a natural number, N ≥ 2, parametrising the dimen-
sion of the underlying quantum group SUq(N). Throughout the following, the
R-matrix Rˆ whih desribes the ommutation relations of the quantum group
SUq(N) [4℄, [5℄, [7℄ will play an important role. This is an invertible N
2 ×N2-
matrix with Rˆ− := Rˆ − (q − q−1)I as its inverse, where I is the N2 ×N2 unit
matrix. The entries of Rˆ are given by
Rˆ
ij
kl =


1 for i = l 6= k = j,
q for i = j = k = l,
q − q−1 for i = k < j = l,
0 otherwise.
For abbreviation, we shall also use the following matries whih are derived from
these fundamental ones:
Rˇ
ij
kl
:= Rˆlkji ; R`
ij
kl
:= q2l−2iRˆjl
ik
; R´ij
kl
:= Rˆkilj ;
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Rˇ−
ij
kl := Rˆ
−lk
ji; R`
−ij
kl := q
2l−2iRˆ−
jl
ik; R´
−ij
kl := Rˆ
−ki
lj ;
Rˆ
stuv
ijkl := R`
−tu
abRˆ
sa
ic R´
cb
jkδvl; Rˆ
−stuv
ijkl := R`
−tu
abRˆ
−sa
ic R´
cb
jkδvl;
Rˇ
stuv
ijkl := R`
−tu
abRˇ
bv
cl R´
ac
jkδsi; Rˇ
−stuv
ijkl := R`
−tu
abRˇ
−bv
cl R´
ac
jkδsi.
Finally, we dene
s+ :=
N−1∑
i=0
q2i; s′+ := s+ − 1; s
′′
+ := s
′
+ − q
2; s′′′+ := s
′′
+ − q
4; sIV+ := s
′′′
+ − q
6.
We an now dene the quantum projetive spaes to be onsidered here.
These are also given in [4, 11.6℄. Let CPN−1q be the algebra with N
2
generators
xij , 1 ≤ i, j ≤ N , and relations
Rˆ
−stuv
ijkl xstxuv = q
−1xijxkl, Rˇ
stuv
ijkl xstxuv = qxijxkl,
N∑
i=1
xii = 1.
The further relation
N∑
j=1
q−2jxijxjk = xik is implied by these ones. The algebra
CPN−1q an be equipped with a ∗-struture by letting (xij)
∗ := xji. By the
embedding ι : CPN−1q → SUq(N), xij 7→ u
1
i (u
1
j )
∗ = u1iS(u
j
1) where u
i
j are the
N2 oordinates, and S the antipode map of SUq(N), CP
N−1
q beomes a quantum
homogeneous spae for SUq(N), with the oation ∆R(xij) =
∑
k,l
xkl ⊗ u
k
i S(u
j
l ).
We shall all CPN−1q quantum projetive spae.
The quantum spae CPN−1q an be embedded as a quantum homogeneous
spaei.e. respeting its algebra struture and SUq(N)-oalgebra struture
into the quantum sphere S2N−1q whih has been studied in [5℄, [10℄, [4℄, [11℄.
The embedding is given by xij 7→ ziz
∗
j where zi, z
∗
i , 1 ≤ i ≤ N , are the algebra
generators of S2N−1q .
Note that in the literature there exist two dierent versions of quantum pro-
jetive spae. The one used here belongs to a one-parameter series of quantum
projetive spaes Bσq desribed in [4, 11.6℄.
3. First order differential alulus
The following denitions onerning dierential alulus are again in on-
ordane with, [4℄, [1℄. By a rst order dierential alulus on an algebra X
we shall mean a pair (Γ,d) of a bimodule Γ over X and a linear mapping
d : X → Γ fullling Leibniz' rule d(xy) = (dx)y + x(dy) for all x, y ∈ X, and
Γ = Lin{xdy | x, y ∈ X}. The elements of Γ are alled one-forms.
We all a rst order dierential alulus (Γ,d) on a quantum spae (X,∆R)
for A (right) ovariant if there exists a linear mapping ΦR : Γ → Γ ⊗A whih
satises the identities (ΦR ⊗ id)ΦR = (id⊗∆)ΦR; (id⊗ ε)ΦR = id; ΦR(xωy) =
∆R(x)ΦR(ω)∆R(y); ΦR(dx) = (d ⊗ id)∆R(x) for all x, y ∈ X, ω ∈ Γ. Those
one-forms ω for whih the identity ∆R(ω) = ω ⊗ 1 holds are alled invariant.
Remember that in the desription of biovariant dierential aluli on quantum
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groups, invariant one-forms play a entral role sine essentially all one-forms
an be desribed by using only left- (or right-) invariant forms. On quantum
homogeneous spaes there exist usually not enough invariant one-forms to enable
a similar desription; nevertheless, they still are of great signiane for the
dierential alulus.
We mention that if X is a ∗-algebra then the notion of a ∗-alulus an be
introdued: (Γ,d) is a ∗-alulus if
∑
k
xkdyk = 0 for xk, yk ∈ X always implies∑
k
d(y∗k)x
∗
k = 0. However, in this paper ∗-aluli won't play an important role.
From the denition of a ovariant dierential alulus and from the relations
of the algebra CPN−1q it is lear that in any ovariant rst order dierential
alulus on CPN−1q , the one-form Ω =
N∑
i,j=1
q−2jxijdxji is invariant (it might,
however, be zero).
4. Covariant differential aluli on CPN−1q
In this paper, two approahes will be used to obtain ovariant rst order
dierential aluli on the quantum projetive spaes.
The rst way is based on restriting dierential aluli on S2N−1q to the sub-
algebra CPN−1q . Dierential aluli on S
2N−1
q have been lassied in [11℄ under
suitable settings for the lassiation onstraints. In order to nd out whih of
the aluli listed there an be restrited to CPN−1q , one tries to alulate the
bimodule strutures of restrited aluli. To this purpose, expressions of the type
dx · y with x, y ∈ CPN−1q need to be transformed into left-module expressions
using the bimodule struture of a S2N−1q -alulus. The ruial question then
is how to reognise whih expressions on the right-hand side an be written in
terms of CPN−1q only. Moreover, the left-module relations whih may hold in
the module of one-forms over CPN−1q have to be desribed. Up to this point,
we have no eetive algorithm to solve these two problems.
The seond approah onsists in diret lassiation of ovariant rst order
dierential aluli on CPN−1q under appropriate algebrai onstraints, using rep-
resentation theory similarly as done for Podle±' quantum spheres in [1℄ or for
the Vaksman-Soibelman quantum spheres in [11℄. However, hoosing appropri-
ate onstraints turns out more diult than in the ase of, e. g., the quantum
spheres S2N−1q . One frequently used onstraint setting requires the dierentials
of the algebra generators to generate the bimodule of one-forms as a free left
module. Unlike for many other examples, this standard setting is obviously
inadequate here from a geometrial point of view sine the dimension of the
dierential alulus would then be muh higher than that of the algebra itself.
Although we are going to onsider this setting, we shall look for more appro-
priate onstraints. These should at one hand be some kind of a natural hoie
while on the other hand they should redue the dimension of the dierential
alulus suh that it beomes lose to that of the underlying quantum spae.
Fortunately, a ombination of the two approahes makes it muh easier to
overome the diulties in both of them. The onsideration of o-representations
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whih is the rst step in following the lassiation strategy, leads to a preise
knowledge about the types of expressions that may our in the bimodule stru-
ture of ovariant rst order dierential aluli on CPN−1q . Thus, it is muh easier
to deide whether restriting a given S2N−1q alulus leads in fat to a dierential
alulus on the sub-algebra. On the other hand, if some dierential aluli on
CPN−1q an be obtained by restriting aluli from the quantum spheres, the
relations whih hold in these aluli will give evidene whih type of algebrai
relations should be introdued into the lassiation onstraint.
Nevertheless, the proof of the lassiation results still involves rather om-
pliated alulations whih require the aid of omputer algebra.
4.1. First result: restrition of aluli from the quantum spheres.
In [11℄ dierential aluli on the quantum spheres S2N−1q were lassied. Two
dierent lassiation onstraints were applied. (The lassiation is omplete
for N ≥ 4 but all aluli desribed exist for N ≥ 2, too.) We reall the main
results: There are four families Γατ , Γ
′
αω, Γ
′′
ωψ, Γ
′′′
̺τ of ovariant rst order dier-
ential ∗-aluli with {dz1, . . . ,dzN ,dz
∗
1 , . . . ,dz
∗
N} as a free left module basis for
the bimodule of one-forms. Eah has two real parameters, with the exeption
of ertain parameter pairs for Γ′αω with non-real α whih we shall not inlude in
our onsideration. Further, there are three families Γ˜λ, Γ˜
′
λ, Γ˜
′′
λ of ovariant rst
order dierential ∗-aluli, eah with one real parameter, for whih the bimodule
of one-forms is generated as a left module by {dz1, . . . ,dzN ,dz
∗
1 , . . . ,dz
∗
N} and
for whih all algebrai relations in the left module of one-forms are generated by
one relation
N∑
i=1
zidz
∗
i + λ
N∑
i=1
q−2iz∗i dzi = 0. (We restrit ourselves to ∗-aluli
here, leaving aside Γ˜•λ and Γ˜
••
λ .) The equations taken verbatim from [11℄ whih
haraterise the bimodule struture of these aluli, are given in setion 6, equa-
tions (2)(10). We an now state our rst result.
Theorem 1. Eah of the ovariant rst order dierential ∗-aluli Γατ , Γ
′
αω,
Γ′′ωψ, Γ
′′′
̺τ , Γ˜λ, Γ˜
′
λ, Γ˜
′′
λ on S
2N−1
q an be restrited to a ovariant rst order
dierential alulus on CPN−1q . All of the aluli Γατ , Γ
′′′
̺τ and Γ˜
′′
λ yield the
same restrited alulus Γ˜ while all of the aluli Γ′αω, Γ
′′
ωψ, Γ˜λ and Γ˜
′
λ lead
to the same restrited alulus
˜˜Γ, independent on the values of all parameters
involved.
In Γ˜, all relations in the left module of one-forms are generated by the set of
relations (1 ≤ i, j ≤ N)
dxij = q
2
N∑
s=1
q−2sxisdxsj + q
−1
N∑
a=1
R`−tubcRˆ
−sb
iaRˇ
cv
ajxstdxuv −
s
′′
+
s
′
+
xijΩ
−
1
s
′
+
δijq
2jΩ.
The bimodule struture of Γ˜ is given by
dxijxkl = q
−2
N∑
a=1
Rˆ
−xyzw
ijkl R`
−tu
bcRˆ
−sb
zaRˇ
cv
awxxyxstdxuv
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+ q3Rˇ
stuv
ijkl
N∑
w=1
q−2wxstxuwdxwv −
q2N+2
s
′
+
δjkxijΩ
−
q−1
s
′
+
R´abjkRˆ
−sc
iaRˇ
cv
bl xsvΩ −
q−2
s
′
+
δijq
2jxklΩ −
q−2sIV+
s
′
+
xijxklΩ.
In
˜˜Γ, all relations in the left modules of one-forms are generated by the set of
relations (1 ≤ i, j ≤ N)
dxij = q
2
N∑
s=1
q−2sxisdxsj + q
−1
N∑
a=1
R`−tubc Rˆ
−sb
iaRˇ
cv
ajxstdxuv; Ω = 0.
The bimodule struture of
˜˜Γ is given by
dxijxkl = q
−2
N∑
a=1
Rˆ
−xyzw
ijkl R`
−tu
bc Rˆ
−sb
zaRˇ
cv
awxxyxstdxuv
+ q3Rˇ
stuv
ijkl
N∑
w=1
q−2wxstxuwdxwv.
Remarks: 1. Note that the rst group of relations and the bimodule struture
of
˜˜Γ are obtained from the relations and bimodule struture of Γ˜ just by inserting
the additional relation Ω = 0. Thus, the alulus ˜˜Γ is obtained by fatorising Γ˜
by this relation.
2. It was proved in [6℄ that the aluli Γ˜λ and Γ˜
′′
q2N+2
on S2N−1q are restritions
of ovariant (as for Γ˜′′
q2N+2
, even biovariant) rst order dierential aluli on
SUq(N). Sine restrition of Γ˜λ to CP
N−1
q yields
˜˜Γ, while Γ˜′′
q2N+2
an be re-
strited to Γ˜, both Γ˜ and ˜˜Γ are even restritions of ovariant dierential aluli
on SUq(N).
4.2. Seond result: diret lassiation. For a lassiation of ovariant
rst order dierential aluli on the quantum projetive spae CPN−1q , we need
a plausible onstraint setting whih should essentially onsist of a dimension
restrition for the bimodule of one-forms. We shall onsider three settings for
the lassiation onstraint. First, we require that the bimodule of one-forms
be generated by dxij , 1 ≤ i, j ≤ N , (i, j) 6= (N,N) as free left module basis. As
stated above, this onstraint does not make muh sense from the geometrial
point of view sine it means that the module of one-forms needs to be of far
higher dimension than the underlying algebra itself. We onsider this setting
mostly for algebrai ompleteness sine this type of ondition is the starting-
point for all other types of dimension ondition taken into onsideration.
The other two settingswhih are supposed to be of geometrial relevane
are motivated by Theorem 1. We suppose that the dierential aluli obtained
by restrition of aluli from S2N−1q have appropriate dimension. Therefore, we
hoose the relations found in the aluli Γ˜ and ˜˜Γ as templates for our seond
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and third onstraint setting; the atual onstraints are obtained by allowing the
oeients in the relations to vary.
It turns out that allowing the oeients to vary is in fat no essential gen-
eralisation beause the values taken by the oeients in the relations of the
restrited aluli Γ˜ and ˜˜Γ are the only possible ones; nally, ovariant dieren-
tial aluli exist and are uniquely determined under all three onstraints. The
following theorem states our lassiation results for all these settings.
Theorem 2.
(i) There is a ovariant rst order dierential alulus (Γ,d) = (Γ,d) on
CPN−1q for whih {dxij | i, j = 1, . . . , N ; (i, j) 6= (N,N)} is a free left
module basis of Γ. If N ≥ 6, then (Γ,d) is the only dierential alulus
with this property. The bimodule struture of (Γ,d) is given by
dxij · xkl = q
−1Rˆ
−stuv
ijkl xstdxuv + qRˇ
stuv
ijkl xstdxuv + Rˆ
−stuv
wxyzRˇ
wxyz
ijkl xstdxuv
−
N∑
w=1
q−2wxijxkwdxwl −
N∑
w=1
q−2wRˇ
stuv
ijkl xstxuwdxwv
− q
N∑
a=1
R`−tubc Rˆ
−sb
kaRˇ
cv
alxijxstdxuv
−
N∑
a=1
Rˆ
−xyzw
ijkl
R`−tubc Rˆ
−sb
zaRˇ
cv
awxxyxstdxuv + (q
2 + 1)xijxklΩ
(ii) For N ≥ 6, there is exatly one ovariant rst order dierential alulus
(Γ,d) on CPN−1q for whih {dxij | i, j = 1, . . . , N ; (i, j) 6= (N,N)} gener-
ates Γ as a left module, and for whih all relations in the left module Γ are
algebraially generated by the set of relations (1 ≤ i, j ≤ N)
dxij = A
N∑
s=1
q−2sxisdxsj +B
N∑
a=1
R`−tubc Rˆ
−sb
iaRˇ
cv
ajxstdxuv
+ CxijΩ +Dδijq
2jΩ
for some xed oeients A, B, C, and D. This is the alulus (Γ,d) =
(Γ˜,d) from Theorem 1 with
A = q2; B = q−1; C = −
s
′′
+
s
′
+
; D = −
1
s
′
+
.
(iii) For N ≥ 6, there is exatly one ovariant rst order dierential alulus
(Γ,d) on CPN−1q for whih {dxij | i, j = 1, . . . , N ; (i, j) 6= (N,N)} gener-
ates Γ as a left module, and for whih all relations in the left module Γ are
algebraially generated by the set of relations (1 ≤ i, j ≤ N)
dxij = A
N∑
s=1
q−2sxisdxsj +B
N∑
a=1
R`−tubcRˆ
−sb
iaRˇ
cv
ajxstdxuv; Ω = 0
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for some xed oeients A, B. This is the alulus (Γ,d) = (˜˜Γ,d) from
Theorem 1 with
A = q2; B = q−1.
Remarks: 1. It is easily seen that, like
˜˜Γ from ˜˜Γ, even Γ˜ (and thus, ˜˜Γ) is obtained
from Γ by fatorisation beause the bimodule struture of Γ turns into that of
Γ˜ if simply the set of left-module relations of Γ˜ is imposed.
2. All dierential aluli disussed exist for N ≥ 2. For the seond and third
ase this is part of the statement of Theorem 1, so it had to be stated expliitly
here only for ase (i). However, the uniqueness is guaranteed only for N ≥ 6;
the reasons will beome lear from the proof (see setions 5 and 7).
5. Representation theory
We start by investigating orepresentations of the quantum group SUq(N)
on CPN−1q . By the oation ∆R, a orepresentation of SUq(N) on CP
N−1
q is
given whih deomposes into summands orresponding to invariant vetor spaes
V (k), k = 0, 1, . . . Here, V (k) is the vetor spae of homogeneous polynomials
whih is generated by preisely those monomials of degree k in the generators
xij whih are not redued to lower degree by the algebra relations of CP
N−1
q .
We denote by π(k) the orepresentation of SUq(N) on V (k).
Sine q is not a root of unity, the representation theory is essentially idential
to the lassial asesee [3℄and the deomposition of orepresentations into
irreduible summands an be desribed by means of Young frames, f. [2℄. We
shall use this notation in the following, denoting the trivial orepresentation
by (0).
The bimodule struture of any ovariant rst order dierential alulus needs
to be formed by intertwining morphisms T ∈ Mor((π(1) + π(0)) ⊗ (π(1) +
π(0)), π(k) ⊗ (π(1) + π(0))). (Note that the vetor spae generated by xij ,
1 ≤ i, j ≤ N , is V (0)⊕ V (1).)
We show the alulations with Young frames for N = 5. For other N ≥ 4, the
alulations are analogous, while for N = 2, N = 3 additional oinidenes of
Young frames and, thus, irreduible summands have to be observed, spoiling the
uniqueness argument in these ases. We shall have to sharpen the requirement
even to N ≥ 6 beause of a linear independene argument used later.
Starting from π(0) = (0) and π(1) = , one alulates suessively π(k)
and π(k)⊗ (π(1)+π(0)), k = 0, 1, . . . ; note that π(k+1) is obtained from π(k)
by anelling all those summands from π(k) ⊗ (π(1) + π(0)) whih orrespond
to invariant subspaes annihilated by the algebra relations of CPN−1q .
π(0) = (0), π(1) = ,
π(2) = , π(3) = , . . . ;
(π(1) + π(0)) ⊗ (π(1) + π(0)) = + + + + 4 + 2(0);
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π(0) ⊗ (π(1) + π(0)) = + (0),
π(1) ⊗ (π(1) + π(0)) = + + + + 3 + (0),
π(2) ⊗ (π(1) + π(0)) = + + + + 3
+ + + ,
π(3) ⊗ (π(1) + π(0)) = + + + + 2
+ + +
By omparing these deompositions, it is found that π(k) ⊗ (π(1) + π(0)) has
two summands in ommon with (π(1) + π(0)) ⊗ (π(1) + π(0)) for k = 0, ve
for k = 1, four for k = 2, one for k = 3, and none for higher k. Taking
into aount the multipliities of all these summandse.g. ours with
multipliity 4 in (π(1) +π(0))⊗ (π(1) +π(0)), and 5 in
∑
k
π(k)⊗ (π(1) +π(0)),
allowing for 20 independent subspae mappingsit an be seen that up to 33
morphisms an our. Beause of the neessary ondition
N∑
i=1
dxii = 0 some of
the summands vanish automatially, and we are left with a general ansatz for
the bimodule struture of a ovariant dierential alulus on CPN−1q ontaining
27 morphisms, namely
dxijxkl = a1xijdxkl + a2Rˆ
−stuv
ijkl xstdxuv + a3Rˇ
stuv
ijkl xstdxuv
+ a4(RˆRˇ)
stuv
ijkl xstdxuv + a5δjk
∑
s
q−2sxisdxsl
+ a6δjk
∑
a
R`−tubc Rˆ
−sb
iaRˇ
cv
alxstdxuv + a7R´
ab
jkRˆ
−sc
iaRˇ
cv
bl
∑
t
q−2txstdxtv
+ a8
∑
b
R´stabR´
−uv
bc R`
ad
ij R`
−dc
klxstdxuv + a9δjkδilq
−2lΩ
+ e1δijq
−2j
∑
s
q−2sxksdxsl + e2δijq
−2j
∑
a
R`−tubcRˆ
−sb
kaRˇ
cv
alxstdxuv
+ e3δklq
−2k
∑
s
q−2sxisdxsj + e4δklq
−2k
∑
a
R`−tubc Rˆ
−sb
iaRˇ
cv
ajxstdxuv(1)
+ f1δjkdxil + f2R´
ab
jkRˆ
−sc
iaRˇ
cv
bl dxsv + f3δijq
−2jdxkl
+ f4δklq
−2kdxij + f5δijδklq
−2j−2kΩ
+ b1
∑
s
q−2sxijxksdxsl + b2Rˇ
stuv
ijkl
∑
w
q−2wxstxuwdxwv
+ b3
∑
a
R`−tubcRˆ
−sb
kaRˇ
cv
alxijxstdxuv + b4Rˆ
xyzw
ijkl R`
−tu
bc Rˆ
−sb
zaRˇ
cv
awxxyxstdxuv
+ b5δjkxijΩ + b6R´
ab
jkRˆ
−sc
iaRˇ
cv
bl xsvΩ
+ g1δijq
−2jxklΩ + g2δklq
−2kxijΩ + cxijxklΩ.
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In ase of the free lassiation onstraint, i.e. if dxij , (i, j) 6= (N,N) are
supposed to be a free left module basis for Γ, all morphisms are independent.
If left-module relations among the dxij are admitted, some summands beome
superuous, resulting in an ansatz with less than 27 oeients.
6. Proof of the theorem on restrited aluli
In 4.1, we mentioned the lassiation results on ovariant rst order dif-
ferential ∗-aluli from [11℄. We want to state rst the systems of equations
desribing the bimodule struture of these dierential aluli. Note that we use
the abbreviations ΩS+ :=
N∑
i=1
zidz
∗
i and Ω
S
−
:=
N∑
i=1
q−2iz∗i dzi for the two basi
invariant one-forms. In the rst four families, the dzi and dz
∗
i , i = 1, . . . , N ,
form a free left-module basis for Γ.
Γατ : dzkzl = qαRˆ
−st
klzsdzt + (q
2α− 1)zkdzl
+ q2α2(1− s′+τ)zkzlΩ
S
+
+ q2(1− αs′+τ)zkzlΩ
S
−
dz∗kz
∗
l = q
−1α−1Rˇstklz
∗
sdz
∗
t + (q
−2α−1 − 1)z∗kdz
∗
l
+ (1− s′+τ)z
∗
kz
∗
l Ω
S
+
+ α−2(1− αs′+τ)z
∗
kz
∗
l Ω
S
−
dzkz
∗
l = q
−1α−1R`−stklz
∗
sdzt + (q
2α− 1)zkdz
∗
l
− q2α(1− s+τ)zkz
∗
l Ω
S
+ − ατq
2kδklΩ
S
+
− α−1(1− q2αs+τ)zkz
∗
l Ω
S
−
− τq2kδklΩ
S
−
dz∗kzl = qαR´
st
klzsdz
∗
t + (q
−2α−1 − 1)z∗kdzl
− q2α(1− s+τ)z
∗
kzlΩ
S
+ − q
2NατδklΩ
S
+
− α−1(1− q2αs+τ)z
∗
kzlΩ
S
−
− q2NτδklΩ
S
−
(2)
Γ′αω : dzkzl = qαRˆ
−st
klzsdzt + (q
2α− 1)zkdzl
+ ωzkzlΩ
S
+ + (α
−1ω − q2(α− 1))zkzlΩ
S
−
dz∗kz
∗
l = q
−1α−1Rˇstklz
∗
sdz
∗
t + (q
−2α−1 − 1)z∗kdz
∗
l
+ (q2αω−1 − (α−1 − 1))z∗kz
∗
l Ω
S
+
+ q2ω−1z∗kz
∗
l Ω
S
−
dzkz
∗
l = q
−1α−1R`−stklz
∗
sdzt + (q
2α− 1)zkdz
∗
l
− q2αzkz
∗
l Ω
S
+ − α
−1zkz
∗
l Ω
S
−
dz∗kzl = qαR´
st
klzsdz
∗
t + (q
−2α−1 − 1)z∗kdzl
− q2αz∗kzlΩ
S
+ − α
−1z∗kzlΩ
S
−
(3)
Γ′′ωψ : dzkzl = q
−1Rˆ−stklzsdzt + ωzkzlΩ
S
+ + (q
2ωψ − 1)zkzlΩ
S
−
dz∗kz
∗
l = qRˇ
st
klz
∗
sdz
∗
t + (ψ − q
2)z∗kz
∗
l Ω
S
+ + q
2ω−1z∗kz
∗
l Ω
S
−
dzkz
∗
l = qR`
−st
klz
∗
sdzt − zkz
∗
l Ω
S
+ − q
2zkz
∗
l Ω
S
−
dz∗kzl = q
−1R´stklzsdz
∗
t − z
∗
kzlΩ
S
+ − q
2z∗kzlΩ
S
−
(4)
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Γ′′′̺τ : dzkzl = q
−1Rˆ−stklzsdzt − q
−2
̺
τ
(s′+̺− 1)zkzlΩ
S
+ −
̺
τ
(s′+τ − q
2)zkzlΩ
S
−
dz∗kz
∗
l = qRˇ
st
klz
∗
sdz
∗
t −
τ
̺
(s′+̺− 1)z
∗
kz
∗
l Ω
S
+ − q
2
τ
̺
(s′+τ − q
2)z∗kz
∗
l Ω
S
−
dzkz
∗
l = qR`
−st
klz
∗
sdzt − q
−2̺q2kδklΩ
S
+ − τq
2kδklΩ
S
−
+ (s+̺− 1)zkz
∗
l Ω
S
+ + q
2(s+τ − 1)zkz
∗
l Ω
S
−
dz∗kzl = q
−1R´stklzsdz
∗
t − q
2N−2̺δklΩ
S
+ − q
2N τδklΩ
S
−
+ (s+̺− 1)z
∗
kzlΩ
S
+ + q
2(s+τ − 1)z
∗
kzlΩ
S
−
(5)
In the following three families of aluli, dzi, dz
∗
i still generate Γ as a left module
but no longer as a free one. Instead, all left-module relations are algebraially
generated by ΩS+ + λΩ
S
−
= 0 where λ is the (real) parameter of the families of
aluli.
Γ˜λ : dzkzl = qλ
−1Rˆ−stklzsdzt + (q
2λ−1 − 1)zkdzl + q
2λ−1(λ−1 − 1)zkzlΩ
S
+
dz∗kz
∗
l = q
−1λRˇstklz
∗
sdz
∗
t + (q
−2λ− 1)z∗kdz
∗
l − (λ− 1)z
∗
kz
∗
l Ω
S
+
dzkz
∗
l = q
−1λR`−stklz
∗
sdzt + (q
2λ−1 − 1)zkdz
∗
l − (q
2λ−1 − 1)zkz
∗
l Ω
S
+
dz∗kzl = qλ
−1R´stklzsdz
∗
t + (q
−2λ− 1)z∗kdzl − (q
2λ−1 − 1)z∗kzlΩ
S
+
(6)
Γ˜′λ : dzkzl = q
−1Rˆ−stklzsdzt − λ
−1(q4λ−1 − 1)zkzlΩ
S
+
dz∗kz
∗
l = qRˇ
st
klz
∗
sdz
∗
t − q
−2λ(q4λ−1 − 1)z∗kz
∗
l Ω
S
+
dzkz
∗
l = qR`
−st
klz
∗
sdzt + (q
2λ−1 − 1)zkz
∗
l Ω
S
+
dz∗kzl = q
−1R´stklzsdz
∗
t + (q
2λ−1 − 1)z∗kzlΩ
S
+
(7)
Γ˜′′λ, λ 6∈ {0,∞} :
dzkzl = q
−1Rˆ−stklzsdzt
dz∗kz
∗
l = qRˇ
st
klz
∗
sdz
∗
t
dzkz
∗
l = qR`
−st
klz
∗
sdzt + q
−2
s
′
+
−1(q4λ−1 − 1)q2kδklΩ
S
+
− s′+
−1(q2N+2λ−1 − 1)zkz
∗
l Ω
S
+
dz∗kzl = q
−1R´stklzsdz
∗
t + q
2N−2
s
′
+
−1(q4λ−1 − 1)δklΩ
S
+
− s′+
−1(q2N+2λ−1 − 1)z∗kzlΩ
S
+
(8)
Γ˜′′0 : dzkzl = q
−1Rˆ−stklzsdzt
dz∗kz
∗
l = qRˇ
st
klz
∗
sdz
∗
t
dzkz
∗
l = qR`
−st
klz
∗
sdzt − q
−2N+2
s
′
+
−1
q2kδklΩ
S
−
+ q2s′+
−1
zkz
∗
l Ω
S
−
dz∗kzl = q
−1R´stklzsdz
∗
t − q
2
s
′
+
−1
δklΩ
S
−
+ q2s′+
−1
z∗kzlΩ
S
−
(9)
Γ˜′′
∞
: dzkzl = q
−1Rˆ−stklzsdzt
dz∗kz
∗
l = qRˇ
st
klz
∗
sdz
∗
t
dzkz
∗
l = qR`
−st
klz
∗
sdzt − q
−2
s
′
+
−1
q2kδklΩ
S
+ + s
′
+
−1
zkz
∗
l Ω
S
+
dz∗kzl = q
−1R´stklzsdz
∗
t − q
2N−2
s
′
+
−1
δklΩ
S
+ + s
′
+
−1
z∗kzlΩ
S
+
(10)
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To ompute restritions of these aluli to the sub-algebra CPN−1q , we exploit
the results of the preeding setion. We rewrite dxij · xkl and all the 27 sum-
mands ourring on the right-hand side of (1) in terms of the generators of
S2N−1q via the embedding xij = ziz
∗
j and Leibniz rule. After transforming all
these terms to left-module expressions by applying the bimodule struture of a
given dierential alulus over S2N−1q , the ansatz equation (1) is written in left-
module expressions from the S2N−1q alulus. By omparing oeients (are-
fully observing given relations), it is easily determined whether equation (1) an
be satised for appropriate values of the oeients a1, a2, . . . , c.Moreover,
sine relations in a alulus must anel out invariant subspaes for ertain o-
representations, one an nd out whih relations our in a restrited alulus
also by rewriting expressions for morphisms in terms of S2N−1q and heking
whether some of them beome zero.
We demonstrate the proedure for Γατ with the bimodule struture (2). For
abbreviation, let ΩSα := αΩ
S
+ +Ω
S
−
. From the equalities
dxij = q
−1α−1R`−stijz
∗
sdzt + q
2αzidz
∗
j − q
2α(1− s+τ)ziz
∗
jΩ
S
+
− ατδijq
2iΩS+ − α
−1(1− q2αs+τ)ziz
∗
jΩ
S
−
− τδijq
2jΩS
−
N∑
k=1
q−2kxikdxkj = αzidz
∗
j − α(1− s
′
+τ)ziz
∗
jΩ
S
+ + s
′
+τziz
∗
jΩ
S
−
N∑
a=1
R`−tubcRˆ
−sb
iaRˇ
cv
ajxstdxuv
= α−1R`−stijz
∗
sdzt + qαs
′
+τziz
∗
jΩ
S
+ − qα
−1(1− αs′+τ)ziz
∗
jΩ
S
−
Ω = s′+τΩ
S
α
it an be seen that the relation
dxij = q
2
N∑
k=1
q−2kxikdxkj + q
−1
N∑
a=1
R`−tubcRˆ
−sb
iaRˇ
cv
ajxstdxuv
−
s
′′
+
s
′
+
xijΩ −
1
s
′
+
δijq
2jΩ
(11)
holds. This implies immediately that the morphisms orresponding with the
oeients a1, a2, a3, a4, f1, f2, f3, f4 in equation (1) are linearly dependent
on the other ones and an be omitted. We therefore ontinue by rewriting
expressions from the right-hand side of (1)i.e. the summands that an our
in the bimodule struture of a ovariant dierential alulus over CPN−1q in
terms of the generators of S2N−1q .
dxij · xkl = q
−1α−1R`−uvbl Rˆ
−tb
akR`
−sa
ij z
∗
sztz
∗
udzv
+ q2αRˇuval R´
ta
jkziztz
∗
udz
∗
v + (q
4 − q−2α−1)ziz
∗
j zkz
∗
l Ω
S
−
− q−1τδabq
2aRˆ−saic Rˇ
bt
dlR´
cd
jkzsz
∗
tΩ
S
α − q
2N+2τδjkziz
∗
l Ω
S
α
− q−2τδijq
2jzkz
∗
l Ω
S
α + (−q
4 + τ + q2τ + q4s+τ)ziz
∗
j zkz
∗
l Ω
S
α
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Rˆ
xyzw
ijkl R`
−tu
bc Rˆ
−sb
zaRˇ
cv
awxxyxstdxuv = qα
−1R`−uvbl Rˆ
−tb
akR`
−sa
ij z
∗
sztz
∗
udzv
+ αs′+τziz
∗
j zkz
∗
l Ω
S
+ − α
−1(1− αs′+τ)ziz
∗
j zkz
∗
l Ω
S
−
Rˇ
stuv
ijkl
∑
w
q−2wxstxuwdxwv = q
−1αRˇuval R´
ta
jkziztz
∗
udz
∗
v
− qα(1 − s′+τ)ziz
∗
j zkz
∗
l Ω
S
+ + qs
′
+τziz
∗
j zkz
∗
l Ω
S
−
whih, together with the preeding equations, imply
dxij · xkl − q
−2Rˆ
xyzw
ijkl R`
−tu
bcRˆ
−sb
zaRˇ
cv
awxxyxstdxuv
− q3Rˇ
stuv
ijkl
∑
w
q−2wxstxuwdxwv
= −s′+
−1(
q−2sIV+ xijxkl + q
−1δabq
2aRˆ−saic Rˇ
bt
dlR´
cd
jkxst
+ q2N+2δjkxil + q
−2δijq
2jxkl
)
Ω
(12)
and therefore the bimodule struture of Γ˜ stated in Theorem 1. By rewriting
all the morphisms from the right-hand side of (1), it is easily seen that they
display no more linear dependenies than those implied by the relation (11).
From these onsiderations, it is lear that Γ˜ is the restrition of Γατ to the
subalgebra CPN−1q .
Doing ompletely analogous alulations one proves the other restrition
statements of Theorem 1.
7. Proof of the lassifiation theorem
Our proof of Theorem 2 is organised in four parts. The rst part deals with
the possible oeients in the lassiation onstraints of the seond and third
ase while the other three ones are devoted eah to one of the onstraint settings,
showing that in eah ase there exists one uniquely determined alulus.
7.1. Determination of possible oeients of the onstraint relations.
First we show that if all left-module relations in a ovariant rst order dierential
alulus are to be generated by one family of relations of type
dxij = A
N∑
s=1
q−2sxisdxsj +B
N∑
a=1
R`−tubc Rˆ
−sb
iaRˇ
cv
ajxstdxuv + CxijΩ +Dδijq
2jΩ
then the oeients A, B, C, and D have to take the values whih hold for Γ˜.
In fat, substituting dxjk in
N∑
j=1
q−2jxijdxjk by the above relation yields
N∑
j=1
q−2jxijdxjk = A
N∑
j=1
q−2j
N∑
s=1
q−2sxijxjsdxsk
+B
N∑
j=1
q−2j
N∑
a=1
R`−tubc Rˆ
−sb
jaRˇ
cv
akxijxstdxuv
+ C
N∑
j=1
q−2jxijxjkΩ +D
N∑
j=1
q−2jδjkq
2kΩ
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= q−2A
N∑
j=1
q−2jxijdxjk + (q
−1B + q−2C +D)xikΩ
whih implies by oeient omparison
A = q2; q−1B + q−2C +D = 0.
An analogous substitution for dxuv in
N∑
a=1
R`−tubc Rˆ
−sb
iaRˇ
cv
ajxstdxuv leads to
N∑
a=1
R`−tubc Rˆ
−sb
iaRˇ
cv
ajxstdxuv = qB
N∑
a=1
R`−tubcRˆ
−sb
iaRˇ
cv
ajxstdxuv
+
(
q−1A− (q2 − 1)B + q−1C + qD
)
xijΩ
and therefore
B = q−1; q−1A− (q2 − 1)B + q−1C + qD = 0.
By inserting the values of A and B, the last equation simplies to
q−2C +D = q−2.
Finally, inserting the assumed relation in
N∑
i=1
dxii = 0 gives
0 = A
N∑
i=1
N∑
j=1
q−2jxijdxji +B
N∑
i=1
N∑
a=1
R`−tubc Rˆ
−sb
iaRˇ
cv
aixstdxuv
+ C
N∑
i=1
xiiΩ +D
N∑
i=1
q2iΩ
= (A+ qB + C + q2s+D)Ω
and thus
0 = A+ qB + C + q2s+D = q
2 + q2s′+D
whih implies
D = −
1
s
′
+
; C = −
s
′′
+
s
′
+
.
If all left-module relations in a ovariant rst order dierential alulus are
assumed to be generated by the relations
dxij = A
N∑
s=1
q−2sxisdxsj +B
N∑
a=1
R`−tubc Rˆ
−sb
iaRˇ
cv
ajxstdxuv
Ω = 0,
similar (just easier) alulations as above lead diretly to
A = q2; B = q−1.
Now we an prove the lassiation results for the dierent onstraint set-
tings under onsideration. To aomplish this, we use the respetive bimodule
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struture ansatzes and relations to evaluate neessary onditions whih result
from the denition of dierential alulus and the algebra struture of CPN−1q .
Sine it appears hopeless to do by hand the extensive alulations involved
(perhaps exept for the ase of the most redued lassiation onstraint), a
speial-purpose omputer algebra program written by the author was employed
to arry out the substitutions and term-redutions with R-matries. It should be
emphasised that only substitutions of R-matrix expressions via given relations
were done automatially, a detailed disussion of the redution strategy thus
being not neessary. The linear independene of the summands in the resulting
expressions was heked manually. Beause oeients have to be ompared for
expressions ontaining R-matries and xij , dxij with up to 6 free indies, linear
independene is lear in some ases only for N ≥ 6; that's why this assumption
is made in the uniqueness statements of the theorem.
7.2. Case (iii). By the assumed relations, the general ansatz (1) is redued to
12 summands:
dxijxkl = a5δjk
∑
s
q−2sxisdxsl + a6δjk
∑
a
R`−tubcRˆ
−sb
iaRˇ
cv
alxstdxuv
+ a7R´
ab
jkRˆ
−sc
iaRˇ
cv
bl
∑
t
q−2txstdxtv + a8
∑
b
R´stabR´
−uv
bc R`
ad
ij R`
−dc
klxstdxuv
+ e1δijq
−2j
∑
s
q−2sxksdxsl + e2δijq
−2j
∑
a
R`−tubc Rˆ
−sb
kaRˇ
cv
alxstdxuv
+ e3δklq
−2k
∑
s
q−2sxisdxsj + e4δklq
−2k
∑
a
R`−tubcRˆ
−sb
iaRˇ
cv
ajxstdxuv
+ b1
∑
s
q−2sxijxksdxsl + b2Rˇ
stuv
ijkl
∑
w
q−2wxstxuwdxwv
+ b3
∑
a
R`−tubcRˆ
−sb
kaRˇ
cv
alxijxstdxuv + b4Rˆ
xyzw
ijkl R`
−tu
bcRˆ
−sb
zaRˇ
cv
awxxyxstdxuv.
(13)
We use the following neessary onditions for rst order dierential aluli
on CPN−1q (1 ≤ i, j, k, l,m ≤ N): (
N∑
i=1
dxii
)
xjk = 0(14)
dxij
N∑
k=1
xkk − dxij = 0(15)
N∑
j=1
q−2jxijdxjk − q
−2dxik +
N∑
j=1
q−2jdxij · xjk = 0(16)
dxij · xkl + xijdxkl − qRˇ
−stuv
ijkl (dxst · xuv + xstdxuv) = 0(17)
dxij · xkl + xijdxkl − q
−1Rˆ
stuv
ijkl (dxst · xuv + xstdxuv) = 0(18)
N∑
m=1
q−2mdxij · xkmxml − q
−2dxij · xkl = 0(19)
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(the rst two of whih, as the last one, follow immediately from
N∑
i=1
xii = 1 while
the remaining ones are the result of deriving algebra relations via the Leibniz
rule). Beause of (13), we obtain from ondition (14)
0 = (a5 + q
2N+1a7 + q
2
s+e1 + b1)
N∑
m=1
q−2mxjmdxmk
+ (a6 + q
2N+1a8 + q
2
s+e2 + b3)
N∑
a=1
R`−tubc Rˆ
−sb
jaRˇ
cv
akxstdxuv.
The two R-matrix expressions on the right-hand side are linearly independent
suh that we an ompare oeients to obtain two equations that must hold
for the oeients of (13). The other onditions are evaluated similarly.
By this method, the rst ve onditions provide us with a (redundant) set of
equations for the oeients of (13),
b1 + a5 + q
2
s+e1 + q
2N+1a7 = 0; qb3 + qa6 + q
3
s+e2 + q
2N+2a8 = 0;
q−1b2 + qa7 + a5 + q
2
s+e3 = q
2; q2b4 + q
2a8 + qa6 + q
3
s+e4 = 1;
q−2b1 + e3 + e1 + q
−2N
s+a5 = 0; b4 + qe4 + qe2 + q
−2N+1
s+a6 = q
−2;
q−1b2 = b1 + q
2; e1 = q
−1a7; q
2e3 = q
−2Na5; qe2 = a8;
q3e4 = q
−2N+1a6; b4 = q
−1b3 + q
−2; q−2e3 = q
−1a7; q
−1e4 = a8;
e1 + (q − q
−1)a7 − q
−2N−2a5 = 0; qe2 + (q
2 − 1)a8 − q
−2N−1a6 = 0;
a5 − q
2Ne1 − q
2N−1(q2 − 1)a7 − (1− q
−2)a5 = 0;
qa6 − q
2N−1e2 − q
2N (q2 − 1)a8 − (q − q
−1)a6 = 0,
whih is fullled if the oeients depend on two omplex parameters α, β via
a5 = α; a6 = β; a7 = q
−2N−3α; a8 = q
−2N−3β;
e1 = q
−2N−4α; e2 = q
−2N−4β; e3 = q
−2N−2α; e4 = q
−2N−2β;
b1 = −(1 + q
−2 + q−2N−2s+)α; b2 = q
3 − (q + q−1 + q−2N−1s+)α;
b3 = −(1 + q
−2 + q−2N−2s+)β; b4 = q
−2 − (q−1 + q−3 + q−2N−3s+)β.
By evaluating ondition (19) using this two-parameter form of all oeients
and doing oeient omparison, we obtain nally α = β = 0 whih makes lear
that
˜˜Γ is the only ovariant rst order dierential alulus under this onstraint
setting.
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7.3. Case (ii). By the relations of this ase, the bimodule struture ansatz (1)
is redued to 19 members, namely
dxijxkl = a5δjk
∑
s
q−2sxisdxsl + a6δjk
∑
a
R`−tubcRˆ
−sb
iaRˇ
cv
alxstdxuv
+ a7R´
ab
jkRˆ
−sc
iaRˇ
cv
bl
∑
t
q−2txstdxtv + a8
∑
b
R´stabR´
−uv
bc R`
ad
ij R`
−dc
klxstdxuv
+ a9δjkδilq
−2lΩ + f5δijδklq
−2j−2kΩ
+ e1δijq
−2j
∑
s
q−2sxksdxsl + e2δijq
−2j
∑
a
R`−tubcRˆ
−sb
kaRˇ
cv
alxstdxuv
+ e3δklq
−2k
∑
s
q−2sxisdxsj + e4δklq
−2k
∑
a
R`−tubc Rˆ
−sb
iaRˇ
cv
ajxstdxuv
+ b1
∑
s
q−2sxijxksdxsl + b2Rˇ
stuv
ijkl
∑
w
q−2wxstxuwdxwv
+ b3
∑
a
R`−tubc Rˆ
−sb
kaRˇ
cv
alxijxstdxuv + b4Rˆ
xyzw
ijkl R`
−tu
bc Rˆ
−sb
zaRˇ
cv
awxxyxstdxuv
+ b5δjkxijΩ + b6R´
ab
jkRˆ
−sc
iaRˇ
cv
bl xsvΩ
+ g1δijq
−2jxklΩ + g2δklq
−2kxijΩ + cxijxklΩ.
(20)
Now we evaluate again the onditions (14)(18). By arrying out the oeient
omparison ompletely (for all morphisms appearing) for (17) and (18) but only
in part for the rst three onditions (sine some of the expressions are very
lengthy), we obtain the equations
b1 + a5 + q
2
s+e1 + q
2N+1a7 = 0; qb3 + qa6 + q
3
s+e2 + q
2N+2a8 = 0;
q−1b2 + qa7 + a5 + q
2
s+e3 = q
2; q2b4 + q
2a8 + qa6 + q
3
s+e4 = 1;
q−2b1 + e3 + e1 − s+a5 = 0; b4 + qe4 + qe2 − qs+a6 = q
−2;
q−1b2 = b1 + q
2; e1 = q
−1a7; q
2e3 = q
−2Na5;
qe2 = a8; q
3e4 = q
−2N+1a6; g1 = q
−1b6;
b4 = q
−1b3 + q
−2; q−2e3 = q
−1a7; q
−1e4 = a8;
q2g2 = q
−2Nb5 + q
2
s
′
+
−1
; e1 = q
−2N−2a5 − (q − q
−1)a7;
qe2 = q
−2N−1a6 − (q
2 − 1)a8; g1 = q
−2N−2b5 − (q − q
−1)b6;
q−2g2 = q
−1b6 + q
−2
s
′
+
−1
; a9 = −q
2N+2f5
whih redues the number of independent oeients to 7, namely a7, a8, a9,
b1, b3, b6, and c, via the relations
a5 = q
2N+3a7; a6 = q
2N+3a8; b2 = qb1 + q
3; b4 = q
−1b3 + q
−2;
e1 = q
−1a7; e2 = q
−1a8; e3 = qa7; e4 = qa8;
b5 = q
2N+3b6; f5 = q
−2N−2a9; g1 = q
−1b6; g2 = qb6 + s
′
+
−1
.
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Further information is obtained from the ondition
q2
N∑
m=1
q−2mximdxmj · xkl + q
−1
N∑
a=1
R`−tubcRˆ
−sb
iaRˇ
cv
ajxstdxuv · xkl − dxij · xkl = 0
(21)
whih is, of ourse, spei to this partiular onstraint setting beause it is
derived from the imposed relation. This equation leads to a7 = a8 = b1 = b3 =
a9 = 0 leaving just two parameters b6 and c. With these simpliation, we do
the remaining oeient omparisons for ondition (14) and obtain
g2 = 0; c = −q
−2 − q−4 − (qs+ + q
2N+1 + q2N+3)b6,
therefore nally as the unique solution the oeients of Γ˜.
7.4. Case (i) (free left module). This is the most diult ase to handle.
Here, the full ansatz (1) with 27 unknown oeients applies. We start by
evaluating the onditions (17) and (18). Coeient omparison leads to the
following equations for the oeients of (1):
a3 = qa1 + q; a4 = qa2; f3 = q
−1f2; f4 = q
−2N−2f1;
b2 = qb1; e1 = q
−1a7; e3 = q
−2N−2a5; e2 = q
−1a8;
e4 = q
−2N−2a6; g1 = q
−1b6; g2 = q
−2N−2b5; f5 = q
−2N−2a9;
a2 = q
−1a1 + q
−1; a4 = q
−1a3; f4 = qf2; b4 = q
−1b3;
e3 = qa7; e4 = qa8; g2 = qb6;
f3 = q
−2N−2f1 − (q − q
−1)f2; e1 = q
−2N−2a5 − (q − q
−1)a7;
e2 = q
−2N−2a6 − (q − q
−1)a8; g1 = q
−2N−2b5 − (q − q
−1)b6.
Using these equations, we an rewrite the oeients of the ansatz as dependent
on only 9 parameters α, β, γ, δ1, δ2, δ3, ε, ζ, and c via
a1 = α− 1; a2 = q
−1α; a3 = qα; a4 = α;
a5 = β; a6 = γ; a7 = q
−2N−3β;a8 = q
−2N−3γ;
e1 = q
−2N−4β;e2 = q
−2N−4γ; e3 = q
−2N−2β;e4 = q
−2N−2γ;
b1 = δ2; b2 = qδ2; b3 = δ3; b4 = q
−1δ3;
b5 = ε; b6 = q
−2N−3ε; g1 = q
−2N−4ε; g2 = q
−2N−2ε;
f1 = ζ; f2 = q
−2N−3ζ; f3 = q
−2N−4ζ;f4 = q
−2N−2ζ;
f5 = q
−2N−2δ1;a9 = δ1.
(22)
Moreover, from (14) we obtain the onditions
f1 + a1 + q
2
s+f3 + q
2N+1f2 = 0;
b1 + a5 + qa2 + q
2
s+e1 + q
2N+1a7 = 0;
b3 + a6 + a3 + q
2
s+e2 + q
2N+1a8 = 0;
c+ b5 + b4 + qb2 + q
2
s+g1 + q
2N+1b6 = 0;
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g2 + qe4 + e3 + a9 + q
2
s+f5 = 0;
whih lead to further dependenies between the parameters, namely
α = 1 + (1 + q−2 + q−2N−2s+)ζ;
δ2 = −α− (1 + q
−2 + q−2N−2s+)β;
δ3 = −qα− (1 + q
−2 + q−2N−2s+)γ;
ε = −β − qγ − (q2 + q4s+)δ1;
c = −q2δ2 − q
−1δ3 − (1 + q
−2 + q−2N−2s+)ε,
(23)
whih we shall leave aside for the moment. Instead, we evaluate the ondition
qRˇ
−stuv
klmndxij · xstxuv − dxij · xklxmn = 0(24)
with the system of oeients redued only by (22). This leads to
ε = 0; β = 0; γ = 0; ζ = 0; δ1 = 0,
thus simplifying (23) to
α = 1; δ2 = −1; δ3 = −q; c = q
2 + 1.
Baktraking the substitutions gives the oeients of the original ansatz to be
a1 = 0; a2 = q
−1; a3 = q; a4 = 1;
b1 = −1; b2 = −q; b3 = −q; b4 = −1;
c = q2 + 1;
a5 = a6 = a7 = a8 = a9 = 0; b5 = b6 = g1 = g2 = 0;
e1 = e2 = e3 = e4 = 0; f1 = f2 = f3 = f4 = f5 = 0.
By testing the omplete list of neessary onditions (again with omputer-
algebra redution) one heks that all of them are fullled; thus the oeient
system obtained desribes in fat a dierential alulus, with the bimodule stru-
ture being as desribed in Theorem 2, ase (i). This hek is required only in
this ase sine the orresponding statement for the other two ases is overed
by the assertions of Theorem 1. This ompletes the proof of Theorem 2.
8. Conlusion
The desription of rst order dierential alulus on the quantum projetive
spaes forms the rst step on the way to an investigation of their nonommuta-
tive geometry. Higher order dierential alulus would be the next indispensable
pre-requisite for formulating basi onepts of dierential geometry on CPN−1q .
At the same time, the results proved here together with previous results [6℄,
[11℄ draw an outline of how ovariant rst order dierential alulus on the
quantum group SUq(N) and the related quantum homogeneous spaes S
2N−1
q ,
CPN−1q is linked and how dierent losely related quantum spaes may behave.
To illustrate the latter, remember just that on CPN−1q , dierential aluli are
essentially uniquely determined while on S2N−1q there was a vast variety of para-
metrial series of them.
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